We study the effect of adsorbed surfactant on drop deformation in linear flows by means of analytical solutions for small perturbations of the drop shape and surfactant distribution, and by numerical simulations for large distortions. We consider a drop with the same viscosity as the suspending fluid. Under these conditions, the problem simplifies because the disturbance flow field results solely from the interfacial stresses that oppose the distortion of shape and surfactant distribution induced by the incident flow. A general form of perturbation analysis valid for any flow is presented. The analysis can be carried out to arbitrary order given its recursive structure; a third-order perturbation solution is explicitly presented. The expansions are compared to results from boundary integral simulations for drops in axisymmetric extensional and simple shear flows. Our results indicate that under weak-flow conditions, deformation is enhanced by the presence of surfactant, but the leading-order perturbation of the drop shape is independent of the ͑nonzero͒ surfactant elasticity. In strong flows, drop deformation depends nonmonotonically on surfactant elasticity. The non-Newtonian rheology in a dilute emulsion that results from drop deformation and surfactant redistribution is predicted. Shear thinning is most pronounced for low values of the surfactant elasticity. In the weak-flow limit with finite surfactant elasticity, the emulsion behaves as a suspension of rigid spheres. In strong flows, the stresses can approach the behavior for surfactant-free drops.
I. INTRODUCTION
Emulsions and polymer blends are liquid-liquid dispersions ubiquitous in the food and petroleum industries. Knowledge of the rheology of these materials is important since flow is involved in their applications and processing. 1, 2 Emulsions exhibit rich rheological behavior that stems from relaxation of the drop microstructure. Surface active agents are often employed to control properties of these materials. 3 Predicting emulsion rheology requires understanding of the coupled drop deformation and surfactant dynamics in flow. The problem is challenging because drop shape and surfactant distribution are not given a priori but governed by the balance of viscous and interfacial stresses. Adsorbed surfactant reduces the interfacial tension and thus facilitates deformation. Distortion of shape and surfactant distribution is opposed by capillary stresses, due to deviations from spherical shape, and Marangoni stresses ͑gradients in the interfacial tension along the surface͒ arising from inhomogeneities in surfactant concentration. The result is an intricate interplay between the evolution of surfactant redistribution, drop deformation, and bulk flows.
Experimental studies [4] [5] [6] [7] [8] [9] [10] [11] show that the presence of surfactant quantitatively and qualitatively modifies drop deformation. Numerical simulations of the dynamics of deformable surfactant-free drops [12] [13] [14] and surfactant-covered drops [15] [16] [17] [18] [19] [20] [21] have been developed in an attempt to elucidate the role of the surfactant. Analytical solutions, possible in certain limiting cases, are useful for gaining insights into the underlying physics.
The dynamics of a surfactant-free drop has been extensively studied; it is reviewed in Refs. 22 and 23. Small deformation theories [24] [25] [26] [27] predict drop shape when it is close to a sphere, which is the case when interfacial stresses dominate the viscous stresses. Such analyses are complicated because of the nonlinear dependence of curvature on drop deformation. So far only a second-order perturbation solution has been derived by Barthes-Biesel and Acrivos. 26 Similar analyses for a surfactant-covered drop are not as well developed. Effects arising solely from surfactant redistribution have been considered in Refs. 28 and 29, where it was shown that emulsions behave as non-Newtonian fluids even in the absence of drop deformation. Only a few analytical studies have been published that include the effects of surfactants as well as drop deformation in linear flows. Firstorder small deformation theories for a drop with surfactant on the interface have been developed by Flumerfelt 30 and Stone and Leal. 4 However, these linear models do not capture some of the important features of emulsion rheology, such as normal stresses. A higher-order perturbation solution is needed in order to predict the nonlinear deformation of surfactant-covered drops and the non-Newtonian rheology of an emulsion with deformable surfactant-covered drops.
The hydrodynamic problem of a surfactant-covered drop a͒ subjected to a viscous flow simplifies considerably when the viscosities of the drop and the suspending fluids are equal. In this case, the drop disturbance flow is due solely to the interfacial stresses. The general integral representation for the velocity field 31, 32 reduces to involve only the "single-layer potential" term with known density given by the interfacial stresses. For a drop, interfacial stresses depend on surface tension, interface curvature, and viscoelasticity of the surfactant layer. 33, 34 In this paper we present a perturbation solution for the deformation of a surfactant-covered drop suspended in an unbounded fluid that is subjected to an arbitrary linear flow. The theory that we develop exploits the simplification in the integral representation of the velocity field for the case where the drop and suspending fluids have equal viscosity. A thirdorder perturbation solution is explicitly developed.
The paper is organized as follows. Sections II and III present the general formulation of the problem, Sec. IV discusses the method of solution, Sec.V outlines the derivation of the evolution equations for drop shape and surfactant redistribution, Sec. VI describes the boundary integral method ͑BIM͒ used for the numerical simulations, and Sec. VII compares the results from our third-order small-deformation theory with boundary integral simulations of the deformation of a surfactant-covered drop in axisymmetric extensional and simple shear flows.
II. DYNAMICS OF A DROP IN STOKES FLOW
We consider a Newtonian drop with radius a and viscosity , suspended in a Newtonian fluid with the same viscosity. Creeping flow conditions are assumed. A surfactant monolayer with equilibrium concentration ⌫ eq is present on the drop interface. The corresponding interfacial tension is eq . The surfactant is assumed to be insoluble in the bulk phases; i.e., a fixed mass of surfactant is adsorbed on the drop interface. This assumption holds provided that the time scale for surfactant adsorption/desorption from the bulk phases is long compared to the time scale for surfactant redistribution on the interface. Diffusion of surfactant on the drop interface is usually unimportant 29 and is therefore neglected.
A. Incident flow
The drop is placed in a steady two-dimensional linear flow
where ␥ is the strain rate. The general form of the symmetric part E s of the velocity gradient E for a two-dimensional linear flow is
where a 2m is a basis of second-order symmetric traceless spherical tensors defined by Eq. ͑A17͒. For example, the axisymmetric extensional flow,
corresponds to ␤ 20 = ͱ 6/2 and ␤ 2m = 0 for m 0.
B. Dimensionless parameters
The flow distorts the drop shape and redistributes the surfactant. The magnitude of the deformation is characterized by two dimensionless parameters. The capillary parameter ͑inverse capillary number͒ is defined by the ratio of shape-preserving surface tension stresses to the shapedistorting viscous stresses induced by the incident flow field = eq a␥ .
͑3͒
Surface tension gradients ͑Marangoni stresses͒ tend to maintain a uniform distribution of surfactant on the drop interface. The Marangoni number is the ratio of the Marangoni stresses to the viscous stresses that distort the surfactant distribution
where
is the characteristic change of surface tension resulting from perturbations of the local surfactant concentration ⌫ about the equilibrium value ⌫ eq . The ratio of the Marangoni and capillary parameters yields the surfactant elasticity parameter
which is a purely physicochemical quantity independent of the flow. 4 Low-molecular-weight surfactants in emulsions and foams form monolayers with low elasticity E Ͻ 1 ͑Ref. 19͒; high-molecular-weight surfactants such as proteins can form stiffer monolayers. 35, 36 The drop shape remains approximately spherical provided that the capillary parameter is large, and the surfactant distribution remains nearly uniform if the Marangoni number is large. The two independent parameters used in our analysis are and E. Given that E = O͑1͒, it follows that the small deformation analysis presented in this paper is valid for −1 Ӷ 1. Henceforth, the surfactant concentration is normalized by ⌫ eq ; all other quantities are rescaled using , a, and ␥ . Accordingly, the time scale is ␥ −1 , the velocity scale is ␥ a, bulk stresses are scaled with ␥ , and the scale for interfacial tension is eq .
C. Interfacial stresses
At rest, the surfactant distribution is uniform on the drop interface and the drop shape is spherical. The difference between the pressure inside and outside the drop is balanced by the interfacial tension,
When placed in a flow, the drop produces a disturbance flow field. The latter, given that the drop and the suspending fluids have the same viscosity, arises solely from stresses at the drop interface. The interfacial stress t can be expressed as the divergence of a surface stress tensor P t = − ٌ s · P, ͑7͒
The surface gradient operator is defined as
where I s = I − nn is the surface projection, and n is the unit normal vector to the interface. For small perturbations from equilibrium, the surfactant equation of state can be linearized. In dimensionless variables, we have
where E is the elasticity ͑5͒. Combining Eqs. ͑7͒-͑10͒ we obtain the interfacial stress
III. DROP SHAPE EVOLUTION

A. Description of the drop shape
In a coordinate system centered at the drop, the radial position r s of the drop interface can be represented as
where ⍀ is the solid angle and f is the deviation of drop shape from sphericity, which depends only on the angle ⍀ and has a vanishing angular average,
͑14͒
The isotropic contribution ␣ is determined by the volumeconservation constraint
with the integration performed over the unit sphere. The magnitude of the perturbation is scaled by a dimensionless parameter , the particular choice of which depends on the nature of the problem under consideration. 22 For example, in weak flows a suitable choice for is the inverse capillary parameter, −1 . Equation ͑15͒ shows that the isotropic contribution ␣ depends on the shape perturbation f, thereby complicating the perturbation computations. To facilitate the perturbation analysis, it is convenient to introduce the following rescaled variables,
and the rescaled dimensionless parameters,
Since in rescaled variables the radial position of the drop interface is expressed in terms of a deviation from a sphere of unit radius,
rather than a sphere of unknown radius ␣ ͑13͒, the perturbation analysis is simplified; for small deviations from sphericity, the boundary conditions are linearized and applied at r =1. Hereafter we omit the tilde for rescaled variables and work only in rescaled variables ͑unless otherwise indicated͒. After solving for the drop deformation in rescaled variables we revert to the actual quantities by means of the transformations ͑16͒ and ͑17͒.
B. Evolution equation for drop shape
The evolution of the interface is governed by 37 
‫ץ‬H ‫ץ‬t
where u s is the fluid velocity at the drop interface. The function H͑r , t͒ represents the interface shape as the set of points r, where H͑r , t͒ϵ0, and is given by the relation H͑r,t͒ = r − r s ͑⍀,t͒. ͑20͒
In terms of the shape perturbation f the evolution of the interface ͑19͒ reads
where r = r / r. The outward pointing unit normal to the drop interface is defined in terms of the shape function H as
After introducing ͑18͒ and ͑20͒ in the above definition, it becomes
C. Evolution equation for surfactant distribution
Conservation of an insoluble nondiffusing surfactant requires
where ␦S͑t͒ is a material element on the drop interface. By the Reynolds transport theorem for a material surface element, we obtain the conservation equation
The evaluation of the surface divergence term on the deformed interface involves a rather tedious algebra. To circumvent this problem, we introduce the angular surfactant distribution, ⌫ ⍀ , defined as the projection of the surfactant density ⌫ from the deformed interface onto a sphere,
where J͑f͒ is the Jacobian of the transformation
The surfactant conservation equation in angular variables assumes a simpler form:
where ٌ ⍀ denotes the angular part of the gradient operator, and u ⍀ is the angular surface velocity, which is tangential to a sphere,
The flow-induced perturbation in the angular surfactant concentration is
Note that since the angular surfactant concentration ͑26͒ is defined on a sphere, conservation of the total surfactant amount is automatically satisfied and complications similar to those encountered with the conservation of drop volume ͑15͒ are avoided.
D. Expansion in spherical harmonics
In Eqs. ͑18͒ and ͑30͒, the functions f and g representing the perturbations of the drop shape and surfactant distribution depend only on angular coordinates. Thus, these functions are expanded into series of scalar spherical harmonics Y jm ͓see Eq. ͑A1͔͒:
In the above equations, the summation starts from nonzero j because f and g include only the nonisotropic contributions, according to Eqs. ͑14͒ and ͑31͒. The external linear flow ͑1͒ is fully characterized by a second-order traceless tensor, which corresponds to spherical harmonics of the order j = 2. Moreover, the external flow field is invariant with respect to the simultaneous reflection of the axis x and y. These symmetry properties imply that
provided that the drop is initially spherical with a uniform distribution of surfactant. Starting with Eqs. ͑21͒ and ͑32͒, our goal is to derive a set of coupled evolution equations
for the shape and surfactant parameters f ϵ ͕f jm ͖, g ϵ ͕g jm ͖. ͑37͒
The equations will be obtained as a power series in the magnitude of the perturbation ,
The derivation of the above equations requires computation of the interfacial velocity field u s and transformation of the quantities on the right-hand sides of Eqs. ͑21͒ and ͑32͒ into the spherical-harmonics representation.
IV. MULTIPOLE REPRESENTATION OF INTERFACIAL VELOCITY
In this paper we focus on the dynamics of drop with the same viscosity as the continuous-phase fluid. Therefore the fluid velocity field u satisfies the Stokes equations
in the whole space, where
is the surface force density associated with the interfacial stress given by Eqs. ͑11͒ and ͑12͒, and
At infinity, the flow field u tends to the incident flow u → u ϱ . Unlike the case of drops with viscosity contrast, in the present case the solution of Eq. ͑40͒ for the disturbance field
can be evaluated directly from the force distribution ͑41͒
is the Oseen tensor. 31 Thus, the complications posed by the usual approach of solving Stokes equations separately for the regions inside and outside the drop and matching the solutions on the deformed drop interface 22, 26 are avoided. In the present study we find the disturbance flow field ͑44͒ by using a multipole expansion method. Accordingly, the force distribution is represented as a collection of force multipoles; the strengths of the multipoles are obtained as the moments of the surface force distribution ͑41͒. The disturbance field u is then represented as the superposition of the corresponding multipolar velocity fields. This procedure is analogous to the multipolar expansion method in electrostatics. 39 In our approach we use the multipole representation of the Stokes flow introduced by Cichocki et al. 40 In this representation the strengths of the force multipoles c jmq are given by
The corresponding expansion of the disturbance velocity field outside the drop is
The functions v jmq ± form basis sets of fundamental solutions of the Stokes equations, 40 and have a separable form
The functions V jmq ± are combinations of vector spherical harmonics with angular and azimuthal quantum numbers j and m; the explicit definitions are listed in Appendix E.
The evolution equations ͑21͒ and ͑32͒ involve the velocity field at the drop interface, which using relations ͑43͒, ͑47͒, and ͑49͒ is
is the imposed velocity field ͑1͒ evaluated at the drop interface r = r s . The expansion coefficients c jmq in the above equation are obtained by inserting Eq. ͑41͒ into ͑46͒, and using relation ͑48͒,
where J͑f͒ is the Jacobian defined by Eq. ͑27͒. Relations ͑47͒ and ͑52͒ constitute the solution for the velocity fields. In the following section, Eqs. ͑50͒ and ͑52͒ are used to obtain the evolution equations for the drop shape and the surfactant distributions.
V. SOLUTION OUTLINE
The underlying structure of the perturbation expansions ͑38͒ and ͑39͒ for the evolution of drop shape and surfactant distribution, as well as velocity and stress fields, consists of a "double" expansion: ͑i͒ in spherical harmonics ͑33a͒, ͑33b͒, and ͑47͒, and ͑ii͒ in the small parameter , which measures the magnitude of the deformation.
For small deviation from sphericity, Ӷ1, the exact position of the interface at r =1+f is replaced by the equilibrium position, r = 1, and all quantities that are to be evaluated at the interface of the deformed drop are approximated using a Taylor series expansion.
The derivation of the shape and surfactant evolution equations ͑38͒ and ͑39͒ involves two steps. In the first step, the expansions for surface velocity ͑50͒, angular velocity ͑29͒ as well as geometric quantities such as gradient of shape perturbation, ٌf, are obtained. In the second step, these expansions are inserted in the evolution equations ͑21͒ and ͑32͒ and the products of spherical harmonics are manipulated to yield the final form of the evolution equations ͑35͒ and ͑36͒.
This solution procedure is outlined below. The detailed calculations, which require tedious algebra, were performed using MATHEMATICA. More information is given in the Appendices and in Ref. 41 .
A. Expansion for the velocity field
The velocity coefficients ͑52͒ are obtained as perturbation expansion in the small parameter ,
The derivation involves expanding around the spherical drop shape the position of the deformed interface r s ͑18͒, the interfacial stresses t͑f , g͒ ͑11͒ and ͑12͒, and the Jacobian J͑f͒ ͑27͒.
The expansion procedure is explained on the example of the interfacial stresses:
The expansion coefficients t ͑p͒ are homogeneous functions of order p jointly in f , g, i.e., involving combinations of f and g in the form
Therefore, after inserting the spherical harmonics representation of f and g ͑33a͒ and ͑33b͒, an expansion term of order p contains products of p harmonics. In our approach the products of spherical harmonics are transformed into a sum of harmonics. A well-developed theory exists for this procedure. 42, 43 Here we summarize the general ideas; the explicit recoupling formulas are listed in Appendix A 2.
The recoupling expression for scalar harmonics has the form
Here j ϵ ͕j, jЈ, jЉ͖, m ϵ ͕m,mЈ,mЉ͖ denote the set of angular and azimuthal numbers, and ͑j , m͒ are the Clebsch-Gordan coefficients, 44 given by Eq. ͑A11͒. Simple algorithms are readily available for the computations of these coefficients. 42 For products involving vector spherical harmonics the structure of the recoupling expressions is similar:
with the same dependence on the azimuthal numbers m, but different dependence on the angular numbers j, represented by the factors C 1 and C 2 . Explicit expressions for these coefficients are given by ͑A6͒ and ͑A8͒. Products of three and more harmonics are recoupled by iterative evaluation of the nested products of two harmonics as outlined in Appendix B 4. For example,
and then the product of each of the terms in the sum, Y jm , with Y j 3 m 3 , is recoupled. Performing the recoupling procedure in ͑54͒, results in the following expansion for interfacial stresses:
Explicit expressions for the first three expansion terms t jmq ͑p͒ , p = 0,1,2, are listed in Appendix C. By a similar procedure, expansions are derived for the Jacobian and the powers of r s ,
Combining the three expansions ͑58͒ and ͑59͒ in ͑52͒, followed by collecting terms of the same power in , recoupling the products of harmonics according to ͑56a͒-͑56c͒, and using the relation
yields the expansion coefficients in ͑53͒. Explicit expressions for the first three terms c jmq ͑p͒ , obtained using MATHEMATICA, are listed in Appendix E.
B. Expansion of the evolution equations
To obtain the expansion ͑35͒ of the drop shape evolution equation ͑21͒, we combined the Taylor expansion ͑around the undeformed, spherical shape͒ of the surface velocity ͑50͒ and the gradient of shape perturbation expansion ͑B12͒. Thereafter, we recoupled the scalar product of vector harmonics according to ͑A8͒. This procedure yields for the expansion terms ͑38͒
where n takes values between 0 and p ͑55͒. In a similar fashion, the expansion form ͑39͒ of the surfactant evolution equation ͑32͒ is derived,
In the above equations, the terms S jm ͑p͒ describe the effects of the imposed flow on the shape and surfactant distribution. Since the drop and suspending fluids have no viscosity contrast, in linear flows ͑51͒
The terms K jm ͑p͒ , which are proportional to the capillary parameter ͑3͒, describe relaxation driven by capillary stresses ͑11͒. The terms M jm ͑p͒ , which multiply the Marangoni number ͑4͒, describe the Marangoni stress-driven dynamics.
The capillary and Marangoni terms,
a combination of terms with general structure
i.e., the pth-order term in the perturbation expansions ͑61͒ and ͑62͒ involves products of p shape and surfactant parameters, p − 1 Clebsch-Gordan coefficients, denoted by p−1 ͑j , m͒ ͑A11͒, and a term B np ͑j͒, which is an algebraic function of angular numbers j. The p−1 ͑j , m͒ coefficients arise from recoupling the product of p spherical harmonics using ͑56a͒-͑56c͒. The coefficients B np ͑j͒ are independent of the azimuthal numbers m and therefore of the type of imposed flow. The universality of the B np ͑j͒ term greatly reduces the amount of information needed to find the solution for a particular imposed linear flow-once derived, the coefficients B np ͑j͒ apply to any type of imposed flow ͑2͒.
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We have evaluated the coefficients S , K , M up to the third order p = 3 in the shape perturbation parameter and arbitrary spherical-harmonics order j. Explicit expressions of the evolution coefficients for p = 0,1,2 are listed in Appendix D. The third-order expressions p = 3 are very cumbersome and can be found in Vlahovska. 41 Previous works on surfactant-free drops by Barthès-Biesel and Acrivos 26, 45 employed tensorial representation for drop deformation, velocity, and stress fields. Manipulating tensors involves tedious algebra, which was performed only for tensors of rank j = 2 and 4; sixth-order tensors were neglected. As a result, their analysis is incomplete at O͑ 2 ͒, as noted by Rallison. 27 However, this does not affect their solution for the case = 1 considered herein.
In the present work, we overcome these limitations by taking advantage of the well-developed formalism for manipulation of spherical harmonics and by employing the multipole representation of the velocity. This makes it possible to carry out the double expansion, in spherical harmonics and in the small shape perturbations, to arbitrary high orders. The relation between the spherical harmonics and tensorial notations can be found in Vlahovska.
41
C. Emulsion rheology
The effective stress of a dilute emulsion with drop volume fraction is
where the drop contribution is given in a form of the perturbation expansion
Rheological properties of interest are the shear stress, T 12 d , and the normal stress differences,
Drop stress is directly related to the force multipoles, given by Eq. ͑46͒. 28 Inserting the expansion ͑53͒ leads to
VI. BOUNDARY INTEGRAL SIMULATIONS
Boundary integral simulations of the drop dynamics were constructed by representing the drop interface and surfactant distribution on a triangular mesh with nodes x i ͑i =1,… , N͒, which have corresponding area weights w i . An adaptive discretization algorithm was used to maintain resolution of the evolving drop shape and surfactant distribution. 46 The evolution of the interface shape and surfactant distribution was obtained by integrating the kinematic relation
and the discretized conservation constraint ͑24͒
Here u i is the fluid velocity and ⌫ i is the surfactant concentration at a node x i . The fluid velocities u i ͑i =1,… , N͒ were obtained from Eq. ͑44͒ by numerical quadrature using cylindrical coordinates to remove the r −1 singularity of the Oseen tensor ͑45͒. The surface force density ͑41͒ was computed by differentiating quadratic approximations 47 of the local drop shape and surfactant distribution as needed to evaluate the local normal vector, mean curvature, and the surfactant concentration gradient.
VII. RESULTS
In this section we present results for drop deformation in some common types of linear flows: axisymmetric extensional, simple shear, and hyperbolic flows. We focus our attention on steady-state drop deformation; however, our analysis can also be used to explore transient flows.
We have evaluated the expansion terms in the shape and evolution equations ͑61͒ and ͑62͒ for perturbation order p ഛ 3. The perturbation coefficients for a surfactant-free drop agree with the ones derived by Barthés-Biesel. 26 The accuracy of the expansion ͑61͒ and ͑62͒ depends on two factors: the number perturbation terms and the number of spherical harmonics in the basis describing the shape and surfactant distribution ͑33a͒ and ͑33b͒. In our calculations we obtained numerical convergence by expanding up to perturbation order p = 3 and spherical harmonic order j ഛ 4. However, in the interim calculations at perturbation order p harmonics of up to order 4p + 2 must be retained in the description of the velocity and stress fields.
We present theoretical calculations for drop deformation and the effective stress of an emulsion consisting of deformable surfactant-covered drops in the weak-flow limit, where the small parameter is the flow strength ϵ −1 . The predictions from the small-deformation theory are compared to numerical boundary-integral simulations.
A. Weak-flow expansions
In this section we provide explicit expressions for the expansions of shape, surfactant concentration, and stresses in the case of simple shear flow. The shape and surfactant parameters ͑33a͒ and ͑33b͒ are decomposed into real and imaginary parts:
͑70͒
For m = 0, the shape and surfactant parameters are real. Deformations of 2z 2 − x 2 − y 2 , x 2 − y 2 , and xy types are characterized by fЈ 20 , fЈ 22 , and fЉ 22 .
Surfactant-free drop
Here we recover the previously derived second-order shape and stress expansions of Barthes-Biesel and Acrivos, 26, 45 and extend their results to third order. To third order, the expansion for the steady-state drop shape deformation can be written as
At leading order the only nonzero contribution is The imaginary parts of the shape parameters have expansions in odd powers of −1 , whereas the real parts have expansions in even powers of −1 . Correspondingly, the shear stress, which is related to the imaginary parts of the shape parameters, has an expansion in even powers of −1 , and the normal stresses, which are related to the real part of the shape parameters, have expansions in odd powers of −1 : At leading order the drop is spherical and the effective viscosity is given by Taylor's result. 48 Drop deformation gives rise to shear thinning of O͑ −2 ͒ and normal stresses of O͑ −1 ͒.
Surfactant-covered drop
To third order in −1 , the steady-state shape and surfactant distribution are described by the expansions
The convergence radius for these expansions is largest for E Ϸ 1 because the perturbations of the drop shape and surfactant distribution have comparable magnitudes. Here we list only deformation parameters with j ഛ 4. At leading order, the only nonzero contributions are At third order, the nonzero contributions are Additionally, there are two shape and two surfactant parameters associated with the j = 6 harmonics, however, we obtained numerical convergence with j ഛ 4 as discussed above. The limit −1 → 0 ͑spherical drops͒, with nonzero elasticity, corresponds to Ma −1 → 0. Under these conditions, the surfactant distribution is uniform and the drop interface is tangentially immobile. It follows that the rheology is the same as that for a suspension of rigid spheres.
The regime E → 0, corresponding to drops with clean interfaces, cannot be recovered from our perturbation solution ͑76͒ and ͑82͒ because it is a singular limit of our small perturbation expansion; i.e., E → 0 implies Ma −1 → ϱ and thus large distortion of the surfactant distribution.
B. Discussion
Drop deformation in an axisymmetric extensional flow and a simple shear flow is illustrated in Figs. 1 and 2 . Our results show that drop deformation is insensitive to the surfactant elasticity under weak-flow conditions, in agreement with experiments. 10 This observation is consistent with our perturbation solution which indicates that the leading-order shape deformation is independent of the surfactant elasticity, as seen in the shape expansion for a drop in shear flow equations ͑76͒-͑78͒. In axisymmetric strain, shape deformation in stronger flows is suppressed with increased elasticity, as found by Eggleton et al. 19 No such conclusion can be drawn for drops in strong shear flows. Drop deformation and surfactant redistribution each contribute to the shear thinning viscosity and nonzero normal stresses that are generally observed in emulsions. Unlike perturbations of drop shape, perturbations of the surfactant distribution and therefore the emulsion rheology depend on the elasticity at leading order in the capillary parameter.
The drop contributions to the shear viscosity and normal stresses predicted by our small-deformation theory for a dilute emulsion of surfactant-covered deformable drops are compared to our boundary integral simulations in Figs. 3 and  4 . The results demonstrate that under weak-flow conditions, our third-order theory quantitatively predicts the shearthinning viscosity and normal stresses. By contrast, the linear theory 4 does not predict any of these rheological features. Figure 3 shows the shear viscosity for drops with surfactant monolayers of different elasticities. At low flow strengths, surfactant immobilizes the interface so that the emulsion behaves as a suspension of rigid spheres. Shear thinning is most pronounced for low values of the surfactant elasticity. For the lowest value of elasticity shown in Fig. 3 ͑E = 0.25͒, the shear viscosity tends to the behavior for surfactant-free drops at sufficiently high shear rates. Under these conditions, the surfactant is passively convected on the drop surface. For larger values of the elasticity, the highshear-rate regime is inaccessible because of drop breakup.
Normal stresses are shown in Fig. 4 . As is usually observed, N 1 Ͼ 0 and N 2 Ͻ 0. The O͑ −3 ͒ expansions ͑82͒ provide more accurate predictions for the normal stresses than for the shear stress, which explains the closer agreement between the analytical and numerical results seen in Fig. 4 .
Our third-order solution gives a slightly better prediction of drop deformation than the incomplete solution of Barthes-Biesel 26 for drops with clean interfaces, as illustrated 
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Deformation of a surfactant-covered drop Phys. Fluids 17, 103103 ͑2005͒ trast under weak-flow conditions is consistent with experiments 50, 51 and is predicted by small-deformation theory 48 ͒.
VIII. CONCLUSIONS
A perturbation solution of order O͑ 2 , 3 , 3 Ma͒, where measures the magnitude of the shape distortion, was derived to describe the deformation of a surfactant-covered drop in linear viscous flows. Expressions for the shape and surfactant evolution equations, as well as stress and velocity fields, were developed. The solution is applicable for any linear flow under transient or steady-state conditions. Predictions of drop shape, surfactant distribution, and emulsion rheology based on our small-deformation theory are in quan- Fig. 3 but for the normal stress differences.
FIG. 4. Same as
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titative agreement with our numerical simulations and in close agreement to experimental data. The perturbation scheme presented herein can in principle be extended to arbitrary order because of its recursive structure. The problem analyzed in this paper was considerably simplified by assuming that the viscosities of drop and suspending phases are equal. Thus the disturbance velocity field was computed directly from the interfacial stresses using the integral representation of the Stokes flow solution thereby avoiding the evaluation of boundary conditions, e.g., matching inner and outer velocities, on the deformed interface. The analysis was further simplified by rescaling the position of the deformed interface to avoid computational difficulties associated with drop volume conservation. The use of spherical harmonics provided a straightforward way to derive a general solution of the hydrodynamic problem for any linear flow.
An extension of our analysis can be applied to study flow effects on cell dynamics, which are important for many biological phenomena. 52 A vesicle is a fluid-filled lipid membrane that provides a simple model of a cell. Typically the enclosed and suspending fluid are the same, thus the formulation presented in this paper, together with the appropriate expression for the membrane stresses, 53, 54 can be used to explore vesicle hydrodynamics beyond the linear regime that has been studied so far. [55] [56] [57] In a forthcoming paper, we consider the dynamics of deformable surfactant-covered drops for systems with viscosity contrast.
APPENDIX A: SPHERICAL HARMONICS
Definitions of scalar and vector harmonics
For the sake of completeness, we list the definitions of scalar and vector spherical harmonics. 42, 43 The normalized spherical scalar harmonics are defined as
where r = r / r, ͑r , , ͒ are the spherical coordinates, and P j m ͑cos ͒ are the Legendre polynomials. The vector spherical harmonics are defined as
where ٌ ⍀ denotes the angular part of the gradient operator. y jm0 and y jm1 are tangential, while y jm2 is normal to a sphere. Divergence of the product of y jmq and arbitrary function of r , h͑r͒ is
ͪh͑r͒Y jm .
Recoupling the products of spherical harmonics
The product of scalar harmonics is recoupled as
The vector-harmonic expansion of a product of vector and scalar harmonics has the form
The nonzero elements of the coupling matrix C2 ͑j , j 1 , j 2 ͒,
Since tangential ͑q =0, 1͒ and radial q = 2 harmonics are orthogonal, C q2 = 0 and C 2q = 0, q = 0,1. ͑A7͒
The scalar-harmonic expansion of the product of two vector harmonics has the form
In these equations
FIG. 5. Surfactant-free drop in a planar hyperbolic flow: Comparison of our small deformation theory and Barthes-Biesel and Acrivos result with experimental data ͑Ref. 5͒ for steady-state drop length for drops with viscosity ratios close to 1.
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and the Clebsch-Gordan coefficient is
where =1 if q + q 2 is even ͑or zero͒ and =0 if q + q 2 is odd.
is the Wigner 3j symbol. 44 The 3j symbol vanishes,
and the triangular condition
Spherical tensors basis
The orthonormal traceless tensors a jm are defined by the relation 
Fundamental set of velocity fields
Following the definitions given in Ref. 28 , we list the expressions for the functions V jmq ± ͑⍀͒ that characterize the angular dependence of the velocity fields ͑48͒ and ͑49͒:
ͩjy jm0 + 1 2 ͑j + 3͒͑2j + 1͒y jm2 ͪ, ͑A20a͒
APPENDIX B: EXPANSIONS OF GEOMETRIC QUANTITIES
Evaluation of the interfacial stresses involves geometric quantities such as the normal vector ͑23͒ and the curvature
These are expanded in the small parameter as
Normal vector
The normal vector is expanded in vector spherical harmonics n p = n jmq ͑p͒ ͑f͒y jmq . ͑B4͒
Introducing the above expansion for the normal vector along with the expansion for the gradient of f ͑B12͒ into the normal vector definition ͑23͒ results in a complicated expansion.
Here the first three expansion terms, which are needed for our calculation, are listed:
The summation over the j indices is from 2 to j max ; for each j index m takes values from −j to j, i.e.,
. ͑B7͒
Curvature
The curvature ͑B3͒ is expanded in scalar spherical harmonics
This expansion is obtained after inserting the expansion of the normal vector ͑B4͒ into the definition of the curvature ͑B1͒, recoupling the harmonics products according to ͑A5͒ and taking divergence of the result according to ͑A3͒. The first three expansion terms, which are needed for the calculation of interfacial stresses, are
where the summation ͚Ј is defined by ͑B7͒.
Gradient of shape perturbation
Using the spherical harmonic representation of f ͑33a͒, the definition of the vector spherical harmonic y jm0 ͑A2͒, and Eq. ͑13͒, we obtain ٌf = f jm ͓j͑j + 1͔͒ 1/2 y jm0 r s −1 . ͑B11͒
Expanding in Taylor series around the spherical drop shape and recoupling the spherical harmonics products leads to
Since the product of a tangential vector harmonic with a scalar harmonic ͑A5͒ generates only tangential harmonics, the expansion of ͑B11͒ contains only tangential harmonics. The general form of the expansion coefficients is
where ⌽ lm l ,n is given by Eqs. ͑B16͒ and ͑B17͒. The explicit expressions for the first two terms in the expansion are
Product of shape parameters
The product of k shape parameters f k ͑or similarly surfactant parameters g͒ involves a product of k spherical harmonics:
After recoupling we obtain
The coefficient ⌽ lm l ͑k͒ ͑f͒ is a homogeneous function of order k of f. It is evaluated by the following recursive formula:
APPENDIX C: INTERFACIAL STRESSES
Since hydrostatic pressure does not affect the hydrodynamics, we exclude the isotropic normal interfacial stresses
where the angular average of a quantity b is defined as
͑C2͒
The leading order term in the interfacial stresses expansion ͑54͒ corresponds to a spherical drop with uniform surfactant coverage. Since the isotropic part is subtracted, according to ͑6͒, we have
In this appendix we list only the expression for the expansion terms of first and second perturbation order; the third-order formulas are very cumbersome; these are available from the authors upon request.
Capillary stress
Substituting the expansions for the normal vector ͑B4͒ and curvature ͑B8͒ into the definition of interfacial stress ͑11͒ and recoupling the harmonics products yields the expansion for the capillary stresses in Eq. ͑58͒. This procedure yields for the first-order term t jmq ͑1͒,cap = ␦ q2 ͕− 2 + ͓j͑j + 1͔͖͒f jm .
͑C4͒
The general form for the second-order term is t jmq
Marangoni stress
Marangoni stresses ͑12͒ are more complicated to recast into expansion of vector spherical harmonics because they involve expanding and recoupling the product of normal vector, curvature, and surfactant concentration.
Marangoni stresses consist of a normal part, proportional to curvature, and tangential part, which includes the surface gradients of surfactant concentration t mar = t n mar + t t mar , ͑C7͒
Let the definition of the angular surfactant concentration ͑26͒ be rewritten as
is in fact the inverse of the Jacobian ͑27͒. In this notation, taking the gradient of the above equation results in
After lengthy algebra, performed by MATHEMATICA, which involves expanding and recoupling of harmonics products, we obtain for the first-order Marangoni stress expansion term t jm2 ͑1͒,mar = − ͕2g jm + ͓− 6 + j͑j + 1͔͒f jm ͖, 
and the summation is defined according to Eq. ͑B7͒.
APPENDIX D: DROP SHAPE AND SURFACTANT DISTRIBUTION EVOLUTION COEFFICIENTS
To avoid lengthy expressions, here we list the expansion terms for the rescaled evolution equations ͑61͒ and ͑62͒. Using the rules from Appendix F these are easily transformed into the expansion for the actual quantities.
The leading order term in the evolution equations describes the distortion of drop shape and surfactant distribution by the extensional component of the flow:
The rotational component of the flow, if present, tends to misalign the deformed shape and surfactant distribution away from the extensional axes of the flow, thus producing an effectively restoring effect that appears at the next order:
The axisymmetric extensional flow u
given by ␤ 2m = ␦ m0 ͑1/ 2 ͱ 6͒ and no rotational part, =0;
hence, m = 0 always. Simple shear flow u ϱ = ͑y ,0,0͒ is given by ␤ 2m = ͑i/2͒sign͑m͒␦ ͉m͉2 and = 1. These are the only non- Expressions for the third-order terms become rather cumbersome. These are available upon request from the authors.
APPENDIX E: VELOCITY FIELDS
Disturbance flow field is generated only by the interfacial stresses, which "switch on" only after deformation is inflicted by the incident flow. Therefore, at the leading order there is no disturbance velocity field ͑47͒, and where ⌬ = ␦ j 3 j ␦ j 1 j 2 ␦ m 1 +m 2 ,0 ␦ m 3 m 2 ,
͑F10͒
and the rescaled evolutions coefficients are listed in Sec. IV.
